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Abstract

There are some restrictions in the two sources estimation problem in recent studies[ One of the restrictions is that the
estimated results are inaccurate when two sources have di}erent shapes and close distance[ Another is that the accuracy
of the estimation is questioned when the duration of two heat sources has a signi_cant di}erence[ The third restriction
is that the estimation becomes inaccurate when the ratio of the peak values of the two heat sources is too large[ Therefore\
it is necessary to develop a robust method to estimate the strengths of two heat sources in order to alleviate the problems
in past research[ In this paper\ a numerical algorithm coupled with the concept of future time is proposed to determine
the problem sequentially[ A special feature about this method is that no preselect functional form for the unknown
sources is necessary and no sensitivity analysis is needed in the algorithm[ Three examples are used to demonstrate the
characteristics of the proposed method[ From the results\ they show that the proposed method is an accurate and
e.cient method to determine the strength of the two sources in the inverse heat conduction problems[ Þ 0887 Elsevier
Science Ltd[ All rights reserved[

0[ Introduction

The inverse source problem is the determination of
the strength of the heat source from the temperature
measured at a di}erent point other than the sources|
locations[ It is an ill!posed problem because a small
measurement error induces a large estimated error ð0Ð8Ł[
The inverse source problem is practical in many design
and manufacturing areas in which the strength of the
heat source is undetermined[ Common problems include
the detection of the quantity of the energy generation in
a computer chip\ or in a microwave heating process\ or
in a chemical reaction process[

The one!dimensional inverse problem with one
unknown source has been investigated and satis_ed
results are reported ð09\ 00Ł[ The problem with two
unknown sources was also investigated by Silva Neto and
Ozisik ð01Ł\ but some limitations were presented[ In past
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research\ the estimated results were inaccurate when two
sources had di}erent shapes and close distance "ten per
cent of the medium length#[ The accuracy of the esti!
mation was in~uenced by a signi_cantly di}erent source
strength duration between two heat sources\ and the esti!
mation became poor when the ratio of the peak values
of the two heat sources was larger than six[ Consequently\
the application of the inverse technique to estimate two
sources falls within a very limited scope[ Therefore\ a
more robust algorithm needs to be developed in order to
extend the scope of the application in the two source
estimation problems[

The purpose of this research is to propose a sequential
method to estimate the strength of two heat sources based
on numerical computation which is more e.cient than
that of the symbolic computation ð00Ł[ Meanwhile\ it also
alleviates the restriction of the problems concluded in
past research ð01Ł[ In the proposed method\ there is no
prior information on the functional form of the strength
of the heat sources and there is no sensitivity analysis in
the proposed algorithm[ In the process of the derivation\
a _nite!element!di}erence method ð02\ 03Ł combined with
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the concept of future time ð3Ł is used to derive the result[
Then\ the strength of two heat sources are determined
step by step along with the temporal coordinate[

This paper includes _ve sections[ In the present section\
the current development of the inverse source problems
is introduced and the features of the proposed method
are also stated[ In the second section\ the characteristics
of the inverse problem are delineated and the process of
the proposed method is illustrated[ In the third section\
a computational algorithm is proposed to implement the
method using a computer[ In the fourth section\ three
examples are employed to demonstrate the process of the
proposed method[ A discussion of the analyzed results is
also presented in this section[ Finally\ the overall con!
tribution and possible applications of this research to the
_eld of inverse heat conduction problems are concluded
in the _fth section[

1[ Approach to the two source estimation problem based

on the proposed method

1[0[ Problem statement

The inverse problem consists of _nding the strength of
two heat sources at di}erent interior points of the spatial
interval while the temperature measurements at the
boundaries are given[ Consider a slab with LÞ thickness
and constant thermal properties[ This slab originally has
a uniformly distributed temperature[ At a speci_c time
t¹� 9\ two heat sources G0"t# and G1"t# are applied to the
interiors of the slab x¹ � x¹ i0 and x¹ � x¹ i1 while the front
and back surfaces are adiabatic[ Then\ a dimensionless
mathematical formation of the heat conduction problem
is presented as follows ]

11T

1x1
¦G0"t#d"x−xi0#¦G1"t#d"x−xi1#

�
1T
1t

9 ³ x ³ 0\ t × 9 "0#

T"x\ 9# � 9 9 ¾ x ¾ 0 "1#

1T
1x bx�9

� 9 t × 9 "2#

1T
1x bx�0

� 9 t × 9 "3#

where the following dimensionless quantities are de_ned
as ]

x �
x¹
LÞ

xi0 �
x¹i0

LÞ
xi1 �

x¹i1

LÞ
k �

k¹

k¹r

T �
TÞ
TÞ9

G0"t# �
LÞ1

k¹
GÞ0"t¹#
TÞ9

G1"t# �
LÞ1

k¹
GÞ1"t¹#
TÞ9

t �
k¹

r¹CÞp

t¹

LÞ1

k¹ is the thermal conductivity and rCp is the heat capacity

per unit volume\ TÞ9 and GÞr refer to the nonzero reference
temperature and the strength of the source\ respectively[
We assume k¹ � k¹r[

The inverse problem is given the temperature measured
at x � 9 and x � 0 to estimate the strengths of the heat
sources G0"t# and G1"t¹#[

1[1[ The method to determine the stren`th of two heat
sources

The proposed method uses a _nite!element method
with linear element to discretize the spatial coordinate
and uses a _nite!di}erence method to discretize the tem!
poral coordinate[ A _nite!element method with p equi!
distant grid at t � tj ð03Ł is used to construct the following
matrix equation ]

ðNŁ"Tþj# � "Sj#−ðMŁ"Tj# "4#
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where fj � G0"tj#\ 8j � G1"tj#\ and Tþi
j �"dTi

j:dt#[ Dx is
the increment of the spatial coordinate[ The superscript
is denoted as the index of the spatial grid and the subscript
is denoted as the index of the temporal grid[ The locations
of fj and 8j in vector "Sj# are at the grids corresponding
with the source locations xi0 and xi1[

Next\ we consider our _nite element expression for
"Tþj# as a backward di}erence at time tj[ Therefore\ we
have

"Tþj# �
0
Dt

"Tj#−
0
Dt

"Tj−0# "8#

Here Dt is the increment of the temporal coordinate[
Substitute equation "8# into equation "4#\ we have the

following di}erential equation ]

ðKŁ"Tj# � ðBŁ"Tj−0#¦"Sj# "09#

where

ðKŁ � ðMŁ¦
0
Dt

ðNŁ and ðBŁ �
0
Dt

ðNŁ

When t � tj\ the temperature distribution "Tj# can be
derived from equation "09# as follows ]

"Tj# � ðKŁ−0 ðBŁ"Tj−0#¦ðKŁ−0"Sj#
� ðCŁ"Tj−0#¦ðDŁ"Sj# "00#

where ðCŁ � ðKŁ−0ðBŁ and ðDŁ � ðKŁ−0[
Similarly\ the temperature distribution at

t � tm\ tm¦0\ [ [ [ \ tm¦r−0 can be represented as follows ]

"Tm# � ðCŁ"Tm−0#¦ðDŁ"Sm#
"Tm¦0# � ðCŁ"Tm#¦ðDŁ"Sm¦0#

� ðCŁ1"Tm−0#¦ðCŁ ðDŁ"Sm#¦ðDŁ"Sm¦0#
[ [ [

"Tm¦r−0# � ðCŁ"Tm¦r−1#¦ðDŁ"Sm¦r−0#

� ðCŁr"Tm−0#

¦ðCŁr−0 ðDŁ"Sm#¦ðCŁr−1 ðDŁ"Sm¦0#¦= = =

¦ðCŁ ðDŁ"Sm¦r−1#¦ðDŁ"Sm¦r−0# "01#

The vector "S# is composited by the unknown heat
sources f and 8 "i[e[\ "Sj# � "ui0#fj¦"ui1#8j#[ "ui0# and
"ui1# are the unit column vectors with a unit at i0th and
i1th component\ respectively[ As well\ i0 and i1 are the
grid number of the locations of the estimated function fj

and 8j\ respectively[ And then a unit row vector 6ui7 "i[e[\
a unit at i!component# times to both sides of equation
"01#\ the temperature at i!spatial grid can be calculated
as ]

Ti
m � 6ui7"Tm# � 6ui7ðCŁ"Tm−0#

¦6ui7ðDŁ"ui0#fm¦6ui7ðDŁ"ui1#8m

Ti
m¦0 � 6ui7"Tm¦0# � 6ui7ðCŁ"Tm#

¦6ui7ðDŁ"ui0#fm¦0¦6ui7ðDŁ"ui1#8m¦0

� 6ui7ðCŁ1"Tm−0#¦6ui7ðCŁðDŁ"ui0#fm

¦6ui7ðDŁ"ui0#fm¦0

¦6ui7ðCŁðDŁ"ui1#8m¦6ui7ðDŁ"ui1#8m¦0

[ [ [

Ti
m¦r−0 � 6ui7"Tm¦r−0#

� 6ui7ðCŁ"Tm¦r−1#¦6ui7ðDŁ"ui0#fm¦r−0

¦6ui7ðDŁ"ui1#8m¦r−0

� 6ui7ðCŁr"Tm−0#¦6ui7ðCŁr−0ðDŁ"ui0#fm

¦6ui7ðCŁr−1 ðDŁ"ui0#fm¦0¦= = =

¦6ui7ðCŁðDŁ"ui0#fm¦r−1¦6ui7ðDŁ"ui0#fm¦r−0

¦6ui7ðCŁr−0 ðDŁ"ui1#8m

¦6ui7ðCŁr−1 ðDŁ"ui1#8m¦0¦= = =

¦6ui7ðCŁðDŁ"ui1#8m¦r−1¦6ui7ðDŁ"ui1#8m¦r−0

"02#

Then\ the temperatures at i!spatial grid can be expressed
as follows ]

Ti
m � ai

m\9¦ai\i0
m\mfm¦ai\i1

m\m8m

Ti
m¦0 � ai

m¦0\9¦ai\i0
m¦0\mfm¦ai\i0

m¦0\m¦0fm¦0

¦ai\i1
m¦0\m8m¦ai\i1

m¦0\m¦08m¦0

Ti
m¦1 � ai

m¦1\9¦ai\i0
m¦1\mfm

¦ai\i0
m¦1\m¦0fm¦0¦ai\i0

m¦1\m¦1fm¦1

¦ai\i1
m¦1\m8m¦ai\i1

m¦1\m¦08m¦0

¦ai\i1
m¦1\m¦18m¦1

[ [ [

Ti
m¦r−0 � ai

m¦r−0\9¦ai\i0
m¦r−0\mfm

¦ai\i0
m¦r−0\m¦0fm¦0¦ai\i0

m¦r−0\m¦1fm¦1¦= = =

¦ai\i0
m¦r−0\m¦r−1fm¦r−1¦ai\i0

m¦r−0\m¦r−0fm¦r−0

¦ai\i1
m¦r−0\m8m¦ai\i1

m¦r−0\m¦08m¦0

¦ai\i1
m¦r−0\m¦18m¦1¦= = =

¦ai\i1
m¦r−0\m¦r−18m¦r−1¦ai\i1

m¦r−0\m¦r−08m¦r−0

"03#

where

ai\i�
m\m � ai\i�

m¦0\m¦0 � = = = � ai\j�
m¦r−0\m¦r−0

� 6ui7 ðDŁ"ui# � ei\j�
9

ai\i�
m¦0\m � ai\i�

m¦1\m¦0 � = = = � ai\i�
m¦r−0\m¦r−1
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� 6ui7 ðCŁ ðDŁ"ui�# � ei\i�
0

ai\i�
m¦1\m � ai\i�

m¦2\m¦0 � = = = � ai\i�
m¦r−0\m¦r−2

� 6ui7 ðCŁ1 ðDŁ"ui�# � ei\i�
1

[ [ [ "04#

ai\i�
m¦r−0\m � 6ui7 ðCŁr−0 ðDŁ"ui�# � ei\i�

r−0

Here\ the subscript of e is the di}erence of the sub!
scripts of a[ The superscripts i and i� are the grid numbers
of the measured location and the source location\ re!
spectively[

As well\ the following properties can be derived\

ai
m\9 � 6ui7 ðCŁ"Tm−0#

ai
m¦0\9 � 6ui7 ðCŁ1"Tm−0#

ai
m¦1\9 � 6ui7 ðCŁ2"Tm−0#

[ [ [

ai
m¦r−0\9 � 6ui7 ðCŁr"Tm−0# "05#

where "Tm−0# is the temperature distribution at t � tm−0[
The value of i indicates the grid number of the measured
location[ In this study\ the values of j are 0 and p¦0[

The coe.cient ai\i0
m\m\ ai\i0

m¦0\m\ [ [ [ \ ai\i0
m¦r−0\m\ ai\i1

m\m\ [ [ [ \ and
ai\i1

m¦r−0\m in equation "04# depends on the locations of the
measured point and the input source strengths[ As well\
the values of the coe.cients count on the step number of
future time but not the time step in the global temporal
coordinate[ In other words\ those coe.cients are con!
stant in each iteration and they only need to be calculated
once when the locations of the measured points and the
input sources are _xed[ It is di}erent from the symboic
method developed in Ref[ ð00Ł\ which needs to calculate
the coe.cients ei\i�

9 \ ei\i�
0 \ [ [ [ \ and ei\i�

r−0 in each iteration[
On the other hand\ the coe.cients in equation "05# ai

m\9\
ai

m¦0\9\ ai
m¦1\9\ [ [ [ \ and ai

m¦r−0\9 are derived from matrix
ðCŁ and the previous state "Tm−0#[ Therefore\these
coe.cients need to be evaluated iteratively[

When t � tm\ the estimated condition\ f0\ f1\
f2\ [ [ [ \fm−0\ 80\ 81\ 82\ [ [ [ \ and 8m−0 have been evalu!
ated the problem is to estimate the strength of the heat
sources fm and 8m[ To stabilize the estimated results
in the inverse algorithms\ the sequential procedure is
assumed temporally that several future source strengths
are constant ð3Ł[ Then\ the unknown conditions in the
future time are assumed to be equal\ i[e[\

fm¦0 � fm¦1 � = = = �fm¦r−1 � fm¦r−0 � fm "06#

8m¦0 � 8m¦1 � = = = �8m¦r−1 � 8m¦r−0 � 8m "07#

Here r is the number of the future time[
With the assumption of the future time\ equation "07#

can be rewritten to the following form ]

Ti
m �ai

m\9¦ai\i0
m\mfm¦ai\i1

m\m8m �ai
m\9¦ei\i0

9 fm¦ei\i1
9 8m

Ti
m¦0 �ai

m¦0\9¦"ai\i0
m¦0\m¦ai\i0

m¦0\m¦0#fm

¦"ai\i1
m¦0\m¦ai\i1

m¦0\m¦0#8m

�ai
m¦0\9¦"ei\i0

0 ¦ei\i0
9 #fm¦"ei\i1

0 ¦ei\i1
9 #8m

Ti
m¦1 �ai

m¦1\9¦"ai\i0
m¦1\m¦ai\i0

m¦1\m¦0¦ai\i0
m¦1\m¦1#fm

¦"ai\i1
m¦1\m¦ai\i1

m¦1\m¦0¦ai\i1
m¦1\m¦1#8m

�ai
m¦1\9¦"ei\i0

1 ¦ei\i0
0 ¦ei\i0

9 #fm

¦"ei\i1
1 ¦ei\i1

0 ¦ei\i1
9 #8m

[ [ [

Ti
m¦r−0 �ai

m¦r−0\9¦"ai\i0
m¦r−0\m¦ai\i0

m¦r−0\m¦0

¦ai\i0
m¦r−0\m¦1¦= = =

¦ai\i0
m¦r−0\m¦r−1¦ai\i0

m¦r−0\m¦r−0#fm

¦"ai\i1
m¦r−0\m¦ai\i1

m¦r−0\m¦0¦ai\i1
m¦r−0\m¦1¦= = =

¦ai\i1
m¦r−0\m¦r−1¦ai\i1

m¦r−0\m¦r−0#8m

�ai
m¦r−0\9¦"ei\i0

r−0¦ei\i0
r−1¦ei\i0

r−2

¦= = =¦ei\i0
0 ¦ei\i0

9 #fm

¦"ei\i1
r−0¦ei\i1

r−1¦ei\i1
r−2¦= = =¦ei\i1

0 ¦ei\i1
9 #8m

"08#

We de_ne

Ti
m¦k � ai

m¦k\9¦Ei\i0
k fm¦Ei\i1

k 8m � ai
m¦k\9

¦6Ei\i0
k Ei\i1

k 7 6
fm

8m7 "19#

where

Ei\i�
k � s

k

l�9

ei\i�
l and k � 9\ 0\ 1\ [ [ [ \ r−0

and i is the grid number of the measured location and i�
is the grid number of the source location[

q � Fu "10#
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q �
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G

G

G
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Ti0
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m\9

Ti0
m¦0−ai0
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[ [ [
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m¦r−0\9

Ti1
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m\9

Ti1
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G
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F
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G
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F �
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G

G

G
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j

J

G

G

G

G

G

f

Ei0i0
9 Ei0\i1

9

Ei0\i0
0 Ei0\i1

0

Ei0\i0
1 Ei0\i1

1

[ [ [ [ [ [

Ei0\i0
r−0 Ei0\i1

r−0

Ei1\i0
9 Ei1\i1

9

Ei1\i0
0 Ei1\i1

0

Ei1\i0
1 Ei1\i1

1

[ [ [ [ [ [

Ei1\i0
r−0 Ei1\i1

r−0

J

G

G

G

G

G

f

F

G

G

G

G

G
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u � 6
fm

8m7 "11#

After the measured temperature Yi
j "measured at t � tj

and x � xi# is substituted into vector q\ the components
of vector u can be found through a linear least!squares
error method ð04Ł[ Therefore\ the result is ]

u¼ �"FTF#−0FTq "12#

This equation provides a sequential algorithm that can
be used to estimate the two sources through increasing
the value of m by one for each time step[ Therefore\
the strength of the heat sources f and 8 can be solved
iteratively along the temporal coordinate[ The proposed
method is based on the _nite!element!di}erence
approach\ and it can be extended to use other kinds of
numerical methods through the proposed algorithm[

2[ Computational algorithm

The procedure for the proposed method can be sum!
marized as follows ] _rst\ we choose the number of future
time r\ the discretized spatial size Dx and temporal size
Dt\ and the measured grids i0 and i1[ Then\ matrix ðBŁ
and sti}ness matrix ðKŁ of the _nite!element model are
known[ Thus\ matrices ðCŁ\ ðCŁ1\ [ [ [ \ ðCŁr and ðDŁ\
ðCŁ ðDŁ\ [ [ [ \ ðCŁr−0ðDŁ can be calculated in advance and
the coe.cients Ei\i0

k and Ei\i1
k are known before the iter!

ation[ After that\ the iteration includes the following
steps ]

Step 0[ Let j � m and the temperature distribution at
"Tj−0# is known[

Step 1[ Calculate ai
j\9\ ai

j¦0\9\ ai
j¦1\9 \ [ [ [ \ and ai

j¦r−0\9

through equation "05#[
Step 2[ Collect the measurement at boundaries Yj\

Yj¦0\ [ [ [ \Yj¦r−0[
Step 3[ Calculate u¼ � 6f¼ j 8¼ j7

T according to equation
"12#[

Step 4[ Calculate "Tj#[
Step 5[ Terminate the process if the _nal iteration is

attached[ Otherwise let j � m¦0 return to Step
1[

3[ Results and discussion

In this section\ problems de_ned from equations "0#Ð
"3# are used as examples to estimate the strength of the
heat sources[ The strength of the heat sources is chosen
with a step change or a sharp corner over temporal coor!
dinate because those kinds of forms are most di.cult to
recover in the inverse analysis[ Three examples are used
to demonstrate the proposed method that can estimate
the strength of two sources accurately even though some
restrictions exist[ The exact temperature and source terms
used in the following examples are preselected so that
these functions can satisfy equations "0#Ð"5#[ The accu!
racy of the proposed method is assessed by comparing
the estimated strengths of the heat sources with the pre!
selected heat sources[ Meanwhile\ the simulated tem!
perature measurement is generated from the exact tem!
perature in each problem and it is presumed to have
measurement errors[ In other words\ the random errors
of measurement are added to the exact temperature[ It
can be shown in the following equation ]

Yi
j � Ti

j¦li\ js "13#

where the subscripts i and j are the grid number of spatial!
coordinate and temporal!coordinate\ respectively[ Ti

j in
equation "13# is the exact temperature[ Yi

j is the measured
temperature[ s is the standard deviation of measurement
errors[ li\j is a random number[ The value of li\j is cal!
culated by the IMSL subroutine DRNNOR ð05Ł and
chosen over the range −1[465 ³ li\j ³ 1[465\ which rep!
resents the 88) con_dence bound for the measurement
temperature[

The temporal domain is from 9[91Ð1 with 9[91
increment for the example problems[ Two thermocouples
are allocated at the front and back surfaces of the
medium[ Detailed descriptions for the examples are
shown as follows ]

Example 0 ] Two heat sources G0"t# and G1"t# have di}er!
ent shapes and are placed closed[ Two cases
"xi0\ xi1# �"9[3\ 9[4# and "9[38\ 9[40# are discussed[ The
heat sources G0"t# and G1"t# are presumed in the following
forms ]

G0"t# � 9 t ¾ 9[3 or t − 0[5

G0"t# � 9[4 9[3 ³ t ³ 0[5

and

G1"t# � 9[2 t ¾ 9[3

G1"t# � 0
2
"t−0#¦9[4 9[3 ³ t ¾ 0

G1"t# � −1
2
"t−0#¦9[4 0 ³ t ¾ 0[5

G1"t# � 9[0 t × 0[5

In the _rst case "xi0\ xi1# �"9[3\ 9[4#\ the estimated
results are not accurate in Silva Neto and Ozisik|s
approach[ They concluded that it is not possible to esti!
mate the source strengths by the measurements taken at
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both boundary surfaces when the two sources are very
close to each other and have distinctly di}erent shapes[
However\ the estimated results of the proposed method
shown in Fig[ 0a and b are acceptable[ Furthermore\ the
estimated results "see Fig[ 0c and d# are still good when
two sources get closer ði[e[\ "xi0\ xi1# �"9[38\ 9[40#Ł[
Therefore\ the proposed method can estimate two dis!
tinctly di}erent shapes sources accurately even though
they are close to each other[

Fig[ 0a[ The estimation of the strength of G0"t# with s � 9[90 in example one when two sources are located at xi0 � 9[3 and xi1 � 9[4[

Fig[ 0b[ The estimation of the strength of G1"t# with s � 9[90 in example one when two sources are located at xi0 � 9[3 and xi1 � 9[4[

Example 1 ] The e}ect of a di}erent strength duration
between two heat sources is examined[ The source
locations are xi0 � 9[0 and xi1 � 9[8[ The source strength
G0"t# and G1"t# are presumed in the following forms ]

G0"t# � 9 t ¾ 9[3 or t − 0[5

G0"t# � 9[4 9[3 ³ t ³ 0[5

G1"t# � 9 t ¾ d0 or t − d1

G1"t# � 9[4 d0 ³ t ³ d1
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Fig[ 0c[ The estimation of the strength of G0"t# with s � 9[90 in example one when two sources are located at xi0 � 9[38 and xi1 � 9[40[

Fig[ 0d[ The estimation of the strength of G1"t# with s � 9[90 in example one when two sources are located at xi0 � 9[38 and xi1 � 9[40[

Three cases are examined that are "d0\ d1# �"9[8\ 0[9#\
"9[7\ 0[9#\ and "9[6\ 0[0#[

In the second example\ the e}ect of source duration is
testi_ed[ When the problem with "d0\ d1# �"9[7\ 0[9# is
solved\ the results show that the accuracy of the present
estimation is better than that of Silva Neto and Ozisik|s
research "see Fig[ 1a and b#[ Furthermore\ the problem
with various source duration is veri_ed[ The ratio of the
duration of G0"t# and G1"t# is 01\ 5\ and 2\ respectively[
The means and variances of estimated error "i[e[\ esti!

mated results minus exact function# are shown in Table
0[ First\ we compare the results of G1"t# when
"d0\ d1# �"9[8\ 0[9#\ "9[7\ 0[9# and "9[6\ 0[0#[ It is clear that
the means of G1"t# in the di}erent duration are very close
to one another\ and the variances of G1"t# are close to
one another\ too[ Second\ the stochastic parameters of
G0"t# and G1"t# are observed when "d0\ d1# �"9[8\ 0[9#[
The means are −9[99090715 and −9[99909701 for G0"t#
and G1"t#\ respectively\ and the variances are 9[99301947
and 9[99339118 for G0"t# and G1"t#\ respectively[ The
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Fig[ 1a[ The estimation of the strength of G0"t# with s � 9[90 in example two when two sources are located at xi0 � 9[0 and xi1 � 9[8[

Fig[ 1b[ The estimation of the strength of G1"t# with s � 9[90 in example two when two sources are located at xi0 � 9[0 and xi1 � 9[8[

Table 0
The means and variances of the error function in example two "r � 3#

G0"t# G0"t# G1"t# G1"t#
Mean Variance Mean Variance

d0 � 9[8\ d1 � 0 −9[99090715 9[99301947 −9[99090701 9[99339118
d0 � 9[7\ d1 � 0 −9[99090716 9[99300111 −9[99090701 9[99336687
d0 � 9[6\ d1 � 0[0 −9[99090726 9[99300175 −9[99090711 9[99304784
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results show that the stochastic values are close to each
other when G0"t# and G1"t# are estimated simultaneously[
In conclusion\ the results from the proposed method
show that the source duration does not have a strong
impact on the problem[

Example 2 ] The heat sources G0"t# and G1"t# have tri!
angular shapes\ and di}erent peak strengths[ The
locations of the heat sources are xi0 � 9[94 and
xi1 � 9[84[ G0"t# and G1"t# have the following forms ]

G0"t# � 9 G1"t# � G0"t# t ¾ 9[3 or t − 0[5

G0"t# �
h

0[1
"t−9[3# G1"t# �

0
0[1

"t−9[3# 9[3 ³ t ¾ 0

G0"t# �
h

9[7
"t−0[5# G1"t# �

0
9[7

"t−0[5# 0 ³ t ³ 0[5

where h � 2\ 5\ 8\ 01\ 13\ 37\ and 85[
In Silva Neto and Ozisik|s approach\ they concluded

that the estimations were poor when the value of h is
greater than six[ In this research\ the estimation of G0"t#
is always good when h � 2\ 5\ 8\ 01\ 13\ 37\ and 85 "see
Fig[ 2a and b#[ However\ the estimation of G1"t# gets
worse when the value of h gets larger "see Fig[ 2c#[ There!
fore\ a modi_cation of the proposed method is needed to
increase the accuracy of the estimation of G1"t#[ The
modi_ed method is _rst to execute the proposed method
from which an accurate estimation of G0"t# can be
obtained "see Fig[ 2a and b#[ Then\ the estimated value
of G0"t# is substituted into the heat equation and leads to
an inverse problem with one unknown source strength[
Consequently\ the estimated value of G1"t# is solved[
From the estimated results\ it shows that the modi_ed

Fig[ 2a[ The estimation of the strength of G0"t# with s � 9[91 in example three when two sources are located at xi0 � 9[94 and xi1 � 9[84
"r � 3 and h � 2\ 5\ 8\ and 01#[

method can estimate the value of G1"t# accurately when
h � 01 "see Fig[ 2d#[ Furthermore\ the method is
implemented to more restricted situation in which the
value of h is 13\ 37\ and 85\ respectively "see Fig[ 2e#[ As
well\ the results are still acceptable[

In all examples\ the estimated results match with the
exact solutions when measurement errors are not
included and the number of future time is one "r � 0#[
All numerical calculation is performed on a personal
computer with a Pentium!022 CPU[ The computation
required about 1[26 s CPU time when the number of
future time r � 7 is taken in example one\ about 0[20 s
CPU time when the number of future time r � 3 are
taken in example two\ and about 0[54 s CPU time when
the modi_ed method and the number of future time r � 3
is used in example three[ However\ Silva Neto and Ozisik
spend about 09 s of CPU time in the CRAY Y!MP super
computer in their approach[ Therefore\ the proposed
method is a considerably faster inverse algorithm[

From the above discussion\ it can be concluded that
the proposed method is an accurate\ robust and e.cient
method to determine the strength of two sources in the
inversive heat conduction problems[

4[ Conclusion

An e.cient algorithm has been introduced for deter!
mining the strength of two sources in the inverse con!
duction problems[ The inverse solution is represented as
a closed form which is derived from a _nite!di}erence!
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Fig[ 2b[ The estimation of the strength of G0"t# with s � 9[91 in example three when two sources are located at xi0 � 9[94 and xi1 � 9[84
"r � 3 and h � 13\ 37\ and 85#[

Fig[ 2c[ The estimation of the strength of G1"t# with s � 9[91 in example three based on the proposed method when two sources are
located at xi0 � 9[94 and xi1 � 9[84 "r � 3 and h � 2\ 5\ 8\ and 01#[

element method when the temperature measurements are
available[ A special feature of this method is that no
preselect functional form for the unknown sources is
necessary and no sensitivity analysis is needed in the
algorithm[ Three examples have been illustrated based on
the proposed method[ The result shows that the proposed

method can estimate the strength of two sources accu!
rately even though two sources have di}erent shape and
close distance\ two sources have a signi_cantly di}erent
strength duration\ and two sources have a large value of
the ratio of the peak values[ In comparison with past
research\ the results show that the proposed method is
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Fig[ 2d[ The comparison of the estimated results of G1"t# in example three based on the proposed method and the modi_ed method
"xi0 � 9[94 and xi1 � 9[84\ r � 3\ and h � 01#[

Fig[ 2e[ The estimation of the strength of G1"t# with s � 9[91 in example three based on the modi_ed method when two sources are
located at xi0 � 9[94 and xi1 � 9[84 "r � 3 and h � 13\ 37\ and 85#[

an accurate\ robust\ and e.cient inverse technique[ The
proposed method is applicable to the other kinds of
inverse problems such as boundary and source strength
estimation in the multi!dimensional inverse conduction
problems[
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